A thermodynamic model was developed to analyze the effect of the difference in the thermal expansion coefficient ͑TEC͒ of a multilayered barium strontium titanate Ba 1−y Sr y TiO 3 ͑BST͒ ferroelectric heterostructure and a passive substrate on the dielectric properties by taking into account electrostatic and electromechanical interactions between the ferroelectric layers. Results show that the dielectric constant and tunability can be maximized by minimizing the TEC mismatch. Furthermore, lower processing temperatures lead to lower thermal strains and thus to better dielectric properties. We also provide a numerical analysis describing the effect of thermal strains on dielectric properties of a compositionally graded trilayer consisting of BST 60/40, BST 75/25, and BST 90/10 on a variety of substrates including Si, sapphire ͑␣-Al 2 O 3 ͒, SrTiO 3 , MgO, and LaAlO 3 . The multilayer BST heterostructure on Si is expected to experience high in-plane tensile strains due to the large TEC mismatch, resulting in dielectric permittivities and tunabilities lower compared to the same multilayer on SrTiO 3 or LaAlO 3 for which there is a better TEC match. For BST multilayers on MgO, SrTiO 3 , Si, and sapphire, higher processing temperatures lead to lower dielectric response and tunability.
I. INTRODUCTION
The potential of tunable dielectric materials for applications such as voltage-controlled, frequency-agile phase shifters and filters operating in the microwave regime has attracted considerable attention. [1] [2] [3] [4] Ferroelectrics ͑FEs͒ such as barium strontium titanate Ba 1−y Sr y TiO 3 ͑BST͒ have emerged as leading candidates for such applications due to their highly nonlinear dielectric response to an applied electric field, especially in the vicinity of the paraelectric-to-FE phase transformation temperature T C . [5] [6] [7] [8] [9] [10] [11] Different compositional modifications of BST-based FEs and a variety of architectural designs have been proposed in order to improve the dielectric properties, i.e., the dielectric constant, the loss tangent, and tunability, along with the corresponding dependencies of these properties on temperature and on frequency as recently reviewed by Bao et al. 4 Furthermore, advents in strain engineering in thin film electroceramics, including FEs, incipient FEs, and multiferroics, enable a close control of the state and extent of strain that results in unique properties, which are not observed in compositionally identical materials in bulk or single-crystal form. [12] [13] [14] [15] [16] [17] In compositionally homogeneous FE thin films, internal stresses arise due to a variety of reasons, which include the lattice mismatch between the film and substrate if the films are epitaxial, the difference in thermal expansion coefficients ͑TECs͒ of the film and the substrate, the self-strain of the FE phase transformation if the material is grown above the phase transformation temperature, and "microstrains" due to defects such as dislocations and vacancies. Therefore, adjusting these contributions to the total strain state of the film may result in significantly improved FE and dielectric properties, stabilization of the FE state below or above the bulk T C , and the formation of FE phases that are not observed in bulk FE of the same composition. 12 The major challenge in designing materials systems for tunable devices is the simultaneous requirement of high tunability ͑Ͼ40%͒ over a large temperature interval ͑−20°C to +85°C͒ coupled with low dielectric losses ͑between 3.0-4.0 dB in operational bandwidths ranging from several 100 MHz up to 30 or more GHz͒. We have recently shown that BST multilayer heterostructures consisting of three distinct layers of ϳ220 nm nominal thickness with compositions corresponding to Ba 0.6 Sr 0.4 TiO 3 ͑BST 60/40͒, BST 75/25, and BST 90/10 on Pt-coated Si substrates have a small-signal dielectric constant of 360 with a dissipation factor of 0.012 and a dielectric tunability of 65% at 444 kV/cm. 11, 18, 19 More importantly, these properties were found to exhibit minimal dispersion as a function of temperature ranging from −10 to 90°C. These results are in accordance with the findings of thermodynamic models that incorporate electrical, mechanical, and electromechanical interactions between BST layers. 20 As all films and heterostructures have to be processed at elevated temperatures ͑Ͼ300-800°C͒, the TEC mismatch between the film and the substrate that determines the thera͒ Electronic mail: mcole@arl.army.mil.
b͒ Author to whom correspondence should be addressed: Electronic mail: p.alpay@ims.uconn.edu. mal strains becomes a significant parameter that may by itself have a tremendous impact on the dielectric properties. 21 The strain state in the case of a multilayered FE heterostructure or a graded FE film is also inhomogeneous; 22 a position dependent internal in-plane strain arises from thermal stresses resulting from cooling down from the deposition temperature or from the annealing temperature depending on the deposition process. The reference temperature that determines the thermal strain depends on what is chosen as the processing technique. For physical vapor deposition methods such as pulsed laser deposition, the critical temperature is the temperature of the substrate at which the deposition is carried out ͑T G ͒. For chemical deposition techniques such as spin coating or metallorganic chemical vapor deposition, the temperature of interest is the one at which the final annealing is carried out. It is, therefore, critical to understand the degree by which the thermal strains alter the dielectric response and its tunability. In this paper, building upon our previous theoretical description of FE multilayers and heterostructures, 19, 23 we present a numerical study based on a nonlinear thermodynamic model coupled with the mechanical and electrical boundary conditions on the effect of thermal strains on dielectric properties of multilayer BST thin film heterostructures and show that by engineering the thermal strains, the dielectric response, and tunability can be greatly enhanced. Figure 1͑a͒ depicts the system that was analyzed in this study; a compositionally graded ͑along z-axis͒ FE multilayer thin film consisting of n layers. In order to isolate the effects of the thermal strains from strains arising from lattice mismatch, we have chosen a ͑001͒-textured multilayer. The free energy density of a bulk FE material having one order parameter can be written in terms of temperature T and of the polarization along the z-axis P, i.e., the order parameter as
II. THEORY
where F 0 is the free energy density of the reference state, i.e., the high temperature paraelectric phase, and a, b, and c are the dielectric stiffness coefficients. The temperature dependence of the coefficient a is given by the Curie-Weiss law such that a = ͑T − T C ͒ / 0 C, where 0 is the permittivity of free space, T C and C are the Curie temperature and constant, respectively. In the case of a thin film of a FE clamped by a thick substrate, there exists a biaxial in-plane stress due to the thermal stresses that arise as the material is cooled down from a processing temperature T A . Considering the mechanical boundary conditions ͑equal in-plane stresses and free from traction in the out-of-plane z-direction͒, a straightforward Legendre transformation results in renormalized Landau coefficients. 24 Furthermore, considering that the film is under short-circuit conditions as shown in Fig. 1͑a͒ , the modified free energy density of a multilayered film consisting of n layers reads
in which
4Q 12,i s 11,i + s 12,i , ͑3͒
, ͑4͒
where ␣ i is the volume fraction of layer i. Q mn,i and s mn,i are the electrostrictive coefficients and elastic compliances of layer i, respectively. x i is the thermal strain that develops in layer i during cooling from a processing temperature T A to the device operation temperature T f , due to the mismatch between TEC ͑͒ of substrate and layer i. E ext is the externally applied electric field. E D,i is the depolarizing field in layer i that follows from the short-circuit boundary conditions, i.e., the potential drop along the multilayer must vanish along with the necessity of continuity of electric displacement field at the interfaces. 25, 26 These result in
͑Color online͒ Schematic representations of ͑a͒ an n-layered FE multilayer heterostructure with a composition gradient ٌc along the z-axis and ͑b͒ a trilayer BST film consisting of BST 90/10, BST 75/25, and BST 60/40 layers of equal layer thicknesses.
where ᐉ i is the thickness of layer i. The above set of relations yield the depolarizing field in each layer as
where
Equilibrium state of polarization in multilayered thin film is determined by simultaneously minimizing the total free energy density F ͚ with respect to polarization in each layer P i , i.e., through the equations of state ‫ץ‬F ͚ / ‫ץ‬P i = 0. This yields the following system of equations for i =1,2, ...n.
͑10͒
Using the equilibrium polarization of each layer i given by ‫ץ‬F ͚ / ‫ץ‬P i = 0, the relative small-signal average dielectric constant of a perfectly insulating multilayer can be determined from
is the average polarization. Tunability of the multilayer heterostructure is calculated as the relative change in the average dielectric constant at a field of E with respect to the average dielectric constant at zero field, i.e.,
For our numerical analysis, we consider a multilayer graded BST heterostructure as shown in Fig. 1͑b͒ 
III. RESULTS AND DISCUSSION
Variation in the room temperature ͑RT= 25°C͒ average polarization of the multilayer heterostructure shown in Fig.  1͑b͒ as functions of the TEC of the substrate and the annealing temperature ͑550-750°C͒ are shown in Fig. 2 . The RT TEC values of the substrates listed in Table II are also marked on this plot. In these calculations we assumed for simplicity that the TEC of the substrate is independent of temperature in the temperature range of our analysis. We will, however, lift this limitation when we evaluate the dielectric properties of the multilayered film for the specific substrates listed in Table II . It can be seen that for an effective TEC of the substrate below a critical value, corresponding to about 10.20ϫ 10 −6 K −1 , the multilayer heterostructure is not spontaneously polarized due to the suppression of ferroelectricity in the presence of in-plane thermal tensile stresses that develop during cooling from T A . It is also well known that compressive in-plane stresses promote out-ofplane polarization in ͑001͒-textured or epitaxial FE films. Therefore, substrates with a TEC value higher than that of the multilayered heterostructure ͑with an average TEC value of 10.14ϫ 10 −6 K −1 ͒ induce compressive thermal stresses in the plane of the thin film during cooling from annealing temperature. At a given TEC of the substrate, as the annealing temperature is lowered, the relative amount of compressive thermal strains that builds up in the multilayer heterostructure during the cooling process decreases and so does the average polarization. The inset in Fig. 2 shows that depending on T A there is a critical TEC of the substrate for the multilayer to exhibit spontaneous polarization and thus ferroelectricity. We note that the average TEC of the BST multilayer is lower than the critical TEC of the substrate ͑e.g., at T A = 650°C, this value is ϳ10.20ϫ 10 −6 K −1 compared to the average TEC of the multilayer of 10.14 ϫ 10 −6 K −1 ͒. This indicates that a certain amount of compressive strain buildup is necessary to overcome the additional contribution to the free energy that arises from the electrostatic fields, which arise from bound charges at multilayer interfaces due to the initial polarization mismatch between layers. This threshold is naturally temperature dependent as the amount of built-in thermal strain depends on the annealing ͑growth͒ temperature. Figures 3͑a͒ and 3͑b͒ show the RT average dielectric constant of the multilayer heterostructure at an applied electric field of 0 and 400 kV/cm, respectively. The corresponding dielectric tunability is plotted in Fig. 3͑c͒ . For all the annealing temperatures that were considered in this analysis, the average dielectric constant decreases monotonically on both sides of the critical value of TEC of the substrate, Fig.  3͑a͒ . At a given TEC of the substrate, average dielectric constant increases with a decrease in annealing temperature. In multilayered BST thin films subjected to an external electric field of 400 kV/cm, the average dielectric constant increases with increasing annealing temperature for films under biaxial tensile stress. On the other hand, for films under biaxial compressive stresses the opposite behavior is predicted. Tunability of the multilayer films exhibit a maximum close to 100% at the critical value of the TEC of the substrate. Furthermore, the tunability is higher at lower annealing temperatures ͓Fig. 3͑c͔͒.
Variations in the average small signal dielectric constant and the tunability at 400 kV/cm at RT as a function of the annealing temperature is shown in Fig. 4 for the graded BST trilayer on specific substrates. In these calculations, the temperature dependencies of the TEC of substrates as listed in Table II were taken into account and are plotted in Fig. 5 . A monotonic decrease is observed both in the average dielectric constant and the tunability with increasing annealing temperature ͑which obviously corresponds to an increase in the thermal strain͒ for all substrates considered except LaAlO 3 ͑LAO͒. Highest tunability values can be expected for the multilayer on STO and LAO substrates.
The peculiar behavior of the dielectric response of the BST multilayer on LAO can be explained through the interplay between the TEC of the LAO and the average TEC of the multilayer. As shown in Fig. 5 , below ϳ382°C the TEC of LAO is smaller than the average TEC of the BST multilayer ͑10.14ϫ 10 −6 K −1 ͒. Therefore, any multilayer annealed or grown below this temperature will experience inplain tensile thermal strains, with the maximum thermal strain occurring in films processed at 382°C. If the processing temperature is decreased from this value, there will be a recovery in the dielectric response and its tunability. For   FIG. 3 . ͑Color online͒ RT average dielectric constant of a BST 90/10, BST 75/25, and BST 60/40 trilayer as a function of the TEC of the substrate at ͑a͒ E =0 V/ m and ͑b͒ E = 400 kV/ cm; ͑c͒ dielectric tunability of the trilayer at E = 400 kV/ cm. films annealed above this temperature, the magnitude of the thermal strains depends on the relative magnitudes of the compressive strains that develop above 382°C and the tensile strains that result from further cooling down from 382°C. As such, by processing at higher temperatures it is possible to balance the tensile thermal stresses by compressive strains, resulting in multilayers with a much lower magnitude of thermal strain at RT. Therefore, it is possible to expect an increase in both the dielectric constant and tunability at processing temperatures above 382°C; a behavior not observed in the dielectric response of the multilayer heterostructures on other substrates considered in Fig. 4 . Additionally, we note that higher overall dielectric constant and tunability are favored under mechanically relaxed conditions in BST multilayers on any of the substrates.
The temperature dependence of the dielectric constant and the tunability at 400 kV/cm of the multilayered BST film on various substrates are provided in Fig. 6 for two annealing temperatures ͓Figs. 6͑a͒ and 6͑b͒ for 750°C and Figs. 6͑c͒ and 6͑d͒ for 450°C͔. Average dielectric constant of the multilayer BST construct on Si, c-, and a-Al 2 O 3 substrates displays only a small temperature dependence. The multilayer heterostructures on STO, LAO, and MgO, however, exhibit peaks at certain temperatures corresponding to the overall Curie temperature of the multilayer taking into account the elastic, electromechanical, and electrostatic interactions between layers.
The Curie temperature of a biaxially strained monolayer FE film can be determined from the first renormalized dielectric stiffness coefficient aЈ =0 as 
where x is the in-plane strain. Hence, FE films such as BaTiO 3 or PbTiO 3 with Q 12 Ͻ 0 and s 11 + s 12 Ͼ 0 have a higher Curie temperature under compression such that T C f Ͼ T C , stabilizing the FE phase, whereas under in-plane tension T C f Ͻ T C , stabilizing the paraelectric state. On the average, the phase transformation temperature of the stress-free multilayered BST heterostructure is approximately equal to that of BST 75/25 layer, i.e., T C f,av = 26.75°C. For both annealing temperatures 750 and 450°C, the multilayered BST on MgO substrate is always subjected to biaxial thermal compressive stresses. Thus, T C f of the multilayer is higher than T C f,av . Upon decreasing the annealing temperature from 750 to 450°C, the amount of induced in-plane compressive stresses decreases and thus the shift in T C f from T C f,av becomes smaller. In the case of STO substrate, as a result of the tensile stresses that develop in the multilayer, T C f is lower than T C f,av . Similarly, the difference between T C f and T C f,av is smaller in the case of a lower annealing temperature as was the case for MgO substrate. As expected there is a different trend for heterostructures on LAO. Compared with MgO and STO substrates, decreasing the annealing temperature increases the shift in T C f for multilayered BST thin films on LAO substrate. As discussed in conjunction with Fig. 4 , this is due to the fact that above 382°C the TEC of LAO is higher than the average TEC of the multilayered BST thin film and vice versa below it. Therefore, the sign and magnitude of the in-plane thermal biaxial stress may change as the material is processed above 382°C; compressive stresses prevail as the material is cooled down to 382°C and below this temperature tensile stresses start to develop. Furthermore, as it can be seen in Fig. 6͑a͒ due to a negative shift in T C f from T C f,av , it can be concluded that the overall effect of the LAO substrate is to induce in-plane tension in the multilayer. Hence lowering the annealing temperature from 750 to 450°C diminishes the compressive stress contribution, and the multilayer is subjected to even more tension, resulting in a larger difference between T C f and T C f,av as shown in Fig. 6͑c͒ . Due to the large TEC difference between the multilayer heterostructure and Si, c-, and a-Al 2 O 3 , the overall phase transformation temperature of the multilayer is lower than the minimum temperature of this analysis ͑and in the case of Si no transformation was found down to absolute zero͒. As expected, the temperature dependence of the tunability of the multilayered BST thin films as shown in Figs. 6͑b͒ and 6͑d͒ exhibits similar behavior as of the temperature dependence of the average dielectric permittivity.
IV. CONCLUSIONS
In this study, we have theoretically analyzed the dielectric response and the tunability of FE multilayers as a function of the thermal strains that may develop during cooling down from high processing temperatures. We have specifically investigated a ͑001͒-textured BST trilayer construct on a variety of substrates including Si, sapphire, STO, MgO, and LAO. The results show that the annealing temperature and the TEC difference between the multilayer film and the substrate have a significant impact on the dielectric properties of such heterostructures. In particular, it was shown that: ͑i͒ a perfectly insulating multilayer FE heterostructure behaves as a single layer with a unique transition temperature T C f in order to minimize the electrostatic energy between individual layers of heterostructure, ͑ii͒ maximum dielectric response and tunability can be obtained when the TEC of the substrate is equal to the average TEC of the multilayer, ͑iii͒ lower annealing/processing temperatures lead to lower thermal strains and thus to better dielectric properties, ͑iv͒ for BST multilayer films, deposition on Si results in high in-plane tensile strains due to the large TEC mismatch. As such, the dielectric response and tunability of such films are expected to be significantly lower compared to the same multilayer on STO or LAO for which there is a better TEC match. ͑v͒ For BST multilayers on MgO, STO, Si, and sapphire, higher processing temperatures lead to lower dielectric response and tunability.
